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Experimental and Theoretical Study on Aeroelastic Response
of High-Aspect-Ratio Wings

Deman Tang¤ and Earl H. Dowell†

Duke University, Durham, North Carolina 27708-0300

An experimentalhigh-aspect-ratiowing aeroelastic modelwith a slender bodyat the tiphasbeen constructed, and
the response due to � utter and limit-cycle oscillations (LCO) has been measured in a wind-tunnel test. A theoretical
model has been developed and calculations made to correlate with the experimental data. Structural equations
of motion based on nonlinear beam theory are combined with the ONERA aerodynamic stall model to study the
effects of geometric structural nonlinearity and steady angle of attack on � utter and LCO of high-aspect-ratio
wings. Static deformations in the vertical and torsional directions caused by a steady angle of attack and gravity
are measured, and results from theory and experiment are compared. A dynamic perturbation analysis about a
nonlinear static equilibrium is used to determine the small perturbation � utter boundary,which is compared to the
experimentally determined � utter velocity and oscillation frequency. Time simulation is used to compute the LCO
response. The results between the theory and experiment are in good agreement for static aeroelastic response, the
onset of � utter, and dynamic LCO amplitude and frequency.

Nomenclature
Cd = section drag coef� cient
Cl = section lift coef� cient
Cm = section torsional moment coef� cient
C» = structural damping
c; Nc = wing chord and dimensionless chord, c=L
cSB = chord of slender body
dD; dL = section drag and lift forces
dFv; dFw = section chordwise and vertical component forces
dMx = section pitch moment about elastic axis
dM0 = section pitch moment about one-quarter chord
E = modulus of elasticity
e = section mass center from elastic axis
G = shear modulus
g = gravitational constant
I1; I2 = vertical, chordwise area moments
J = torsional stiffness constant
Km = wing mass radius of gyration
L = wing span
M = tip mass of the wing
m = mass per unit length of the wing
N = total number of modes
N N = number of aerodynamic elements
t = time
U = freestream velocity
V j ; W j = generalized coordinates for bending
v = chordwise or edgewise bending de� ection
w = vertical or � apwise bending de� ection
x = position coordinate along wing span
ya:c: = distance of aerodynamic center of airfoil

section from elastic axis
®l = wing section angle of attack
1l = dimensionlesswidth of lth spanwise

aerodynamic element
µ0 = steady angle of attack at root section
½ = air density
8 j = generalized coordinates for torsion
Á = twist about deformed elastic axis
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!v j = j th chordwise natural frequency of wing
!w j = j th vertical natural frequency of wing
!Á j = j th torsional natural frequency of wing
0 = d=dx
P = d=dt

Introduction

A EROELASTIC stabilityand responseof an aircraftwith a high-
aspect-ratiowing, fromsubsonicto supersonic� ow, havebeen

studied for many years. Most investigators have used linear beam
theory to simplify the wing structuralmodel. As shown in Refs. 1–3,
however,a geometricstructuralnonlinearitymay arise from the cou-
pling between elastic � ap or vertical bending, chordwise or edge-
wise bending, and torsion for very high-aspect-ratio wings typical
of uninhabited air vehicles (UAV). In Refs. 2 and 3, the effect of
the large static pre� utter deformation on the � utter boundary and
limit-cycleoscillation(LCO) responsehas been studied.The results
provide additional insight with respect to the contribution of struc-
tural nonlinear coupling to the aeroelastic stability and response of
high-aspect-ratiowings. Flap or vertical bending refers to bending
perpendicularto thewingchord,and chordwiseor edgewisebending
refers to bending in the direction parallel to the wing chord.

An experimental high-aspect-ratio wing aeroelastic model with
a tip mass has been constructed and a wind-tunnel test conducted
to measure the static aeroelastic response, � utter, and LCO. The
goal is to assess experimentally the theoretical results of earlier
studies.2;3 The theoretical structural equations of motion are based
on nonlinear beam theory1 and the original ONERA aerodynamic
stall model.4 Large static pre� utter deformations in the vertical or
torsional direction are created by the gravity loading on the wing
and a tip slender body, as well as a steady angle of attack, which
creates a static aerodynamic load on the wing.

A dynamic perturbation equation about a nonlinear static equi-
librium is derived that is used to determine the � utter boundary. A
direct time-marching solution is also used to calculate the large-
amplitude response behavior of this nonlinear system both above
and below the nominal, perturbation � utter boundary, that is, the
� utter boundary determined from the dynamic equations linearized
about a nonlinear static equilibrium state.

Before the wind-tunnel test, a static and vibration test of the ex-
perimental model has been made and the results compared to the
theoretical predictions.Also, we use the present theoreticalmethod
to correlatewith an earlier experimentconductedbyDowell et al.5 A
discussion of these latter results and correlation with the measured
data are given in the Appendix.
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This paper is a complement to the studies reported earlier by
Patil et al.,2;6 by Patil and Hodges,7 by Tang and Dowell,3 and by
Dowell et al.5

Experimental Wing Model and Measurements
The experimental model includes two parts: a high-aspect-ratio

wing with a slender body at the tip and a root support mechanism.
The wing is rectangular,untwisted, and � exible in the � ap, lag, and
torsionaldirections.Thewing isconstructedfroma precisionground
� at steel spar with mass uniformly distributed along the wingspan.
The spar is 45.72 cm in length, 1.27 cm in width, and 0.127 cm in
thickness. It is inserted tightly into the wing root mechanism. To
reduce torsional stiffness, the spar has multiple thin � anges along
the span. The � ange width is 0.127 cm, and it is 0.318 cm deep.
There are 2 £ 33 � anges uniformly and symmetrically distributed
along the wingspan and centerlineof the spar. There are 18 piecesof
NACA 0012 airfoil plate uniformly distributed along the span. The
piecesof the airfoil plate are madeof aluminumalloywith 0.254-cm
thickness. A precision aerodynamic contour of the wing model is
obtained.Each airfoil plate has a slot 1.27 cm in width and 0.127 cm
in thicknessat the symmetry line. The spar is inserted through these
airfoil plate slots, and they are permanently bonded together. Each
space between two airfoil plates is � lled with a light wood (bass)
covering the entire chord and span,which providesthe aerodynamic
contour of the wing. This wood provides a slight additional mass
and a small addition to the bending and torsion stiffness.

A slender body is attached to the elastic axis of the wing tip. The
slender body is an aluminum bar, 0.95 cm in diameter and 10.16 cm
in length. A paraboloidal forebody and an aftbody with 1.14-cm
length are � xed to two ends of the bar. The forebody and aftbody
are made of brass. The geometry of the paraboloidal forebody is
described as follows:

R=R0 D Ny2; Ny D 0 ! 1

The slender body is symmetrical and is designed to provide enough
torsionalinertiato reducethenaturaltorsionalfrequencysuf� ciently
to induce � utter in the velocity range of the wind tunnel.

A physical representationof wing model is shown in Fig. 1.
The root support mechanism is a socket that allows a change of

the steady angle of attack at the root. The root socket is mounted
to the midpoint of side wall of the wind tunnel as shown in Fig. 2,
which is a photograph of the aeroelastic wing model in the wind
tunnel.

Axial strain gauges for bending modes and a 45-deg oriented
strain gauge for torsional modes were glued to the root spar to mea-
sure the bending– torsional de� ections of the wing. Signals from
the strain gauges were conditioned and ampli� ed before their mea-
surement through a gauge conditioner and a low-pass � lter. A mi-
croaccelerometeris mounted at the midspanof the wing. The output
signals from these transducers are directly recorded on a computer
with data acquisition and analysis software, Lab-VIEW 5.1.

A helium–neon laserwith 0.8 MW randomlypolarizedand wave-
length 633 (nm) is mounted on the top of the tunnel. The top of the
tunnel is made of a glass platewith a thicknessof 1.27 cm. A mirror,

Fig. 1 Physical representation of wing model.

Table 1 Experimental wing model data

Property Value

Wing
Span L 0.4508 m
Chord c 0.0508 m
Mass per unit length 0.2351 kg/m
Moment of inertia (50% chord) 0:2056£ 10¡4 kgm
Spanwise elastic axis 50% chord
Center of gravity 49% chord
Flap bending rigidity E I1 0.4186 Nm2

Chordwise bending rigidity E I2 0:1844£ 102 Nm2

Torsional rigidity G J 0.9539 Nm2

Flap structural modal damping »w 0.02
Chordwise structural modal damping »v 0.025
Torsional structural modal damping »Á 0.031

Slender body

Radius R 0:4762£ 10¡2 m
Chord length cSB 0.1406 m
Mass M 0.0417 kg
Moment of inertia Ix 0:9753£ 10¡4 kgm2

Moment of inertia Iy 0:3783£ 10¡5 kgm2

Moment of inertia Iz 0:9753£ 10¡4 kgm2

Fig. 2 Photograph of experimental model in wind tunnel.

1.27 cm in diameter, is � xed on the tip of the wing. A mirror de� ec-
tion technique is used to determine the geometric twist angle and
the vertical or � apwise bending slope at the wing tip.

All static, � utter, and LCO response tests were performed in
the Duke University low-speed wind-tunnel. The wind tunnel is
a closed-circuit tunnel with a test section of 0:7 £ 0:53 m2 and a
length of 1.52 m. The maximum air speed attainable is 89.3 m/s.

The basic parameters of the experimental wing model were ob-
tained from standard static and vibration tests and are listed in
Table 1.

Nonlinear and Perturbation Flutter Equations
Structural Model

According to the Hodges–Dowell equations1 for a uniform, un-
twisted elastic wing, neglecting cross-sectionalwarping, the equa-
tions of motion may be written as

E I2v 0000 C .E I2 ¡ E I1/[Á.w/00]00 C m Rv C C» Pv

C .M Rv C Iv Rv 0/±.x ¡ L/ D dFv

dx
C 1Fv

¡ [Mg±.x ¡ L/ C mg] sin µ0 (1)

E I1.w/0000 C .E I2 ¡ E I1/.Áv00/00 C m Rw ¡ me RÁ C C» Pw

C .M Rw C Iw Rw0/±.x ¡ L/ D dFw

dx
C 1Fw

¡ [Mg±.x ¡ L/ C mg] cos µ0 (2)
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¡G JÁ 00 C .E I2 ¡ E I1/w
00v 00 C IÁ

RÁ±.x ¡ L/ C mK 2
m

RÁ

C C»
PÁ ¡ me Rw D dMx

dx
C 1Mx (3)

A few general comments about Eqs. (1–3) may be in order. First,
by the multiplication of each of these equations by ±v, ±w, and
±Á, respectively, and the integration over the length of the beam,
a variational statement may be derived. Conversely, as shown in
Ref. 1, these equations may be derived from Hamilton’s principle.

Note that in Eqs. (1–3) only the most important nonlinear terms
are retained from the Hodges–Dowell equations.1 The third- and
higher-ordergeometricallynonlinear terms are neglectedhere.Also
note that the geometric twist angle

OÁ D Á C
x

0

v 0w00 dx

is considered in the aerodynamic terms. M is the tip mass; Iv; Iw ,
and IÁ are the tip inertial terms; µ0 is the pitch angle or steady angle
of attack at the root of this wing model;and e is the distancebetween
mass center and wing elastic axis center.

The aerodynamic forces include two parts. One contribution is
from the wing surface,dFw=dx; dFv=dx , and dMx=dx , and the other
is from the slender body at the wing tip, 1Fw; 1Fv , and 1Mx .

ONERA Aerodynamic Airfoil Model
The v and w components of the aerodynamic force and the aero-

dynamic moment about the elastic axis can be expressedas follows:

dFw D dL ¡ .Á¸ ¡ µ0/ dD; dFv D ¡dD ¡ .Á¸ ¡ µ0/ dL

dMx D dM0 ¡ ya:c: dFw (4)

where

dL D 1
2
½cU 2Cl dx; dD D 1

2
½cU 2Cd dx

dM0 D 1
2 ½c2U 2Cm dx; Á¸ ¼ Pw=.U C Pv C Pwµ0/

® D OÁ C µ0 ¡ Á¸

The sectionaerodynamiccoef� cientsCl; Cd , and Cm are obtained
from the original ONERA stall aerodynamic model (see Refs. 4
and 8). These airfoil relationshipsare combined with a strip theory
assumption to determine the wing aerodynamic forces. Patil and
Hodges7 have shown the strip theory assumption is a good one for
such high-aspect-ratiowings.

Slender Body Theory
We follow Bisplinghoff et al. (Ref. 9, p. 418 et seq.) and pro-

vide their equation numbers. Using essentially the nomenclatureof
Ref. 9, we de� ne h D wx D L , ® D Áx D L , L D 1Fw , and Mx D 1Mx ,
but use the symbol y to denotechordwiseposition.Then the vertical
displacement at the wing tip is

Za D ¡h ¡ ®[y ¡ yB] (5)

Eq. (7-136) from Ref. 9, where yB ´ yea is the distance from leading
edge to the elastic axis of the slenderbody. Here h indicatespositive
up and ® positivenose up. Now the downwash or convectedvertical
velocity is

Wa D @ Za

@t
C U

@ Za

@y
D DZa

Dt
(6)

Eq. (7-137) from Ref. 9, where D ´ @=@t C U .@=@y/.
Thus, from Ref. 9, Eq. (7-140) is

dL

dy
D ¡½

DS

Dt
¡ ½S

D2 Za

Dt2
D ¡½

D

Dt
S

DZa

Dt
(7)

where S is identical to the body cross-sectional area and S D ¼ R2

for a circular cross section of radius R.y/. Note that

DS

Dt
D U

dS

dy
(8)

in Eq. (7-142) from Ref. 9. Then Eq. (7-140) becomes

dL

dy
D ¡½U

dS

dy

DZa

Dt
¡ ½S

D2 Za

Dt 2
(9)

Eq. (7-143) from Ref. 9.
Now,

L ´
cSB

0

dL

dy
dy

Mx ´
cSB

0

dL

dy
[y ¡ yB] dy

where cSB is identical to the chord of slender body.
Using Eq. (7-136) from Ref. 9 or Eq. (5),

DZa

Dt
D ¡Ph ¡ P®[y ¡ yB ] ¡ U®

D2 Za

D2t
D ¡ Rh ¡ R®[y ¡ yB ] ¡ 2U P®

thus,

1Fw D L ´
cSB

0

dL

dy
dy D ½[ Rh C U P®]

cSB

0

S dy

C ½ R®
cSB

0

S[y ¡ yB] dy (10)

1Mx D Mx ´ ¡
cSB

0

dL

dy
[y ¡ yB ] dy D ½U [ Ph C U®]

cSB

0

S dy

¡ ½ Rh
cSB

0

S[y ¡ yB] dy ¡ ½ R®
cSB

0

S[y ¡ yB ]2 dy (11)

Note that

cSB

0

dS

dy
dy D ¡

cSB

0

S dy

if S D 0 at y D 0; cSB, that is, for a pointed body.
Also, recall the sign convention is y-positive aft, L-positive up,

and Mx -positive nose up.
If we assume the slender body drag can be neglected, then

1Fv D ¡.Á¸ ¡ Á ¡ µ0/1Fw (12)

Modal Equations
Expansions in general mode shape functions are used to obtain

ordinary differential equations in terms of generalized coordinates
from Eqs. (1–3). They are expressed in series form as follows:

Nv D
N

j D 1

V j .t/Ã j . Nx/; Nw D
N

j D 1

W j .t/Ã j . Nx/

Á D
N

j D 1

8 j .t/2 j . Nx/ (13)

where the overbar indicates nondimensionalization with respect to
the wingspan L , and Ã j and 2 j are the j th normal modes of the
associated linear structural model.

Let fqg be a state vector, which is de� ned as

fqg D f PV j ; V j ; PW j ; W j ; P8; 8 j ; Cll ; Cml ; Cdl g
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a) b) c)

Fig. 3 At tip vs pitch angle: a) static � ap b) chordwise bending de� ections, and c) tip twist, gravity loading only.

where the structural mode number is j D 1; 2; : : : ; N and the aero-
dynamic section number along the span of the wing is l D 1; 2; : : : ;
N N . Using the Galerkin method, one obtains a set of state-space
matrix equations from Eqs. (1– 4) and (10–13):

[A]f Pqg C [B]fqg D fF0g C fFN g (14)

Note that the coef� cient matrices [A] and [B] are dependent on the
� ow and structuralparameters.The force vectors fF0g and fFN g are
static force obtained from the effects of gravity and the nonlinear
forces obtained from the structural nonlinearity and stall aerody-
namics, respectively.

Equation (14) is the set of nonlinear equations of motion. A
strictly linear � utter boundary is determinedwith Eq. (14) by setting
fFN g ´ 0 and fF0g D 0. There is no effect on the strictly linear � utter
boundary of a pre� utter static de� ection or initial conditions. For
fFN g 6D 0 and a large static pre� utter deformation,a dynamic pertur-
bation approach is used to determine the small perturbation � utter
boundary of this nonlinear system about a nonlinear and nontrivial
static equilibrium condition. That is, one assumes that

fqg D f Nqg C f Oqg (15)

where f Nqg represents the static equilibrium state variables and the
correspondingquantitieswith a carat are the small (linear) dynamic
perturbationsabout the static equilibrium state.

When Eq. (15) is substituted into Eq. (14), a set of static equilib-
riumequationsand dynamicperturbationequationsis obtained.The
static equilibrium equations comprise a set of nonlinear algebraic
equations for the unknown state vector f Nqg.

The dynamic perturbation equations about a static equilibrium
state are

[ NA]f POqg C [ NB]f Oqg D f0g (16)

Note that the coef� cient matrices [ NA] and [ NB] are dependent on the
� ow velocity and the static equilibrium state, for example, U , f Nqg,
etc.

To determine the dynamic nonlinear response of this aeroelastic
system, we can use Eq. (14) and a time-marching approach.

A note on the sign conventionmay be helpfulhere.Verticalbend-
ing de� ection w and the direction of gravity are taken as positive
up, chordwise bending de� ection v is taken as positive aft, and the
torsional de� ection and angle of attack are taken positive nose up.
Note that because gravity is positive up, we are � ying the wing up-
side down and, for example, a negative angle of attack is required
to provide a lift downward to balance the wing weight.

Correlation Between Theory and Experiment
Static De� ections and Natural Frequencies Under Gravity Loading

The root mechanism of the experimentalwing model is mounted
to a very heavy support frame, which is attached to the ground.The
root support mechanism allows the model to have a prescribed an-
gle of attack or pitch of µ0 D 0 ! 90 deg. For assessing the static
� ap and chordwise bending de� ections and twist at tip vs µ0 un-
der gravity loading only, three special pitch angles are considered,

that is, µ0 D 0; 45, and 90 deg. The data are determined by directly
measuring the differencebetween the undeformedand deformed tip
position. The theoretical results are obtained from Eqs. (1–3) when
the aerodynamic terms are set to zero. We use a time-marching ap-
proach to solve Eqs. (1–3) and to determine the steady solution,
that is, the static de� ections. The wing structural modes retained
in the analysis were one chordwise mode, four � ap modes, and one
torsionalmode. Preliminarycalculationswith variousmodal combi-
nationsveri� ed that good convergenceis achievedwith thesemodes
in the analysis. The results are shown in Figs. 3a–3c for the tip � ap
(Fig. 3a) and chordwise (Fig. 3b) bending de� ections and tip twist
(Fig. 3c) vs pitch angle. The solid line indicates the theoretical re-
sults, and the symbols ² are from experiment. The agreement for
the � ap and chordwise de� ections is excellent and for the twist is
reasonably good.

The natural frequenciesare determinedby measuring the transfer
functionof input force and output root strainor acceleration.A force
transducerB&K 8200 � xed near the wing root is excited by a mini-
shakerB&K 4810and a power ampli� er B&K 2706.A four-channel
signal analyzer(SD 380) providesa sweepingsinusoidalsignal.The
output signals from strain gauges (� ap bending and torsion) and a
microaccelerometer(chordwise) are inputsto the SD380 for transfer
function analysis.

The theoretical results are obtained in terms from an eigenanaly-
sis of the dynamicperturbationequation(16) when the aerodynamic
terms are set to zero.The static equilibriumpositionsare determined
by use of the time-marching approach, Eqs. (1–3). The results are
shown in Figs. 4a–4c for the fundamentalnatural frequencyvs pitch
angle of attack. Figure 4a is for � ap, Fig. 4b for chordwise bending
de� ections,andFig. 4c for torsion.Of course, thesemotionsare cou-
pled, in general. The solid line indicates the theoretical results, and
the symbols ² are from experiment. The agreement for the chord-
wise frequency is excellent and for the � ap and twist is reasonably
good. The � ap frequency has a slight change of µ0 D 0 ! 90 deg
experimentally.The chordwise frequencydecreases as µ0 decreases
from 90 to 0 deg, whereas the torsion frequency increases.

A correlation study was also conducted using previous experi-
mental data reported by Dowell et al.5 The results are included in
the Appendix.

In general,good theoretical/experimentalagreement is found. In-
deed, it is somewhat better than that found in Ref. 5.

Static Aeroelastic De� ections of the Wing
We use a mirror de� ection technique to measure the tip static

aeroelasticde� ectionsof thewing.A pointdeterminedbya re� ected
lightsource is markedon a readoutgridpaperplacedon the topof the
wind tunnel when the wing is unde� ected. The readout grid paper
is calibrated in the tip � ap and twist de� ections before the test. The
re� ected light source point with wing de� ection as marked on the
readout paper is then determined as the � ow velocity is varied.

The theoretical results are obtained from Eq. (14) with the time-
marching approach. The � ow velocity is below the � utter veloc-
ity for these measurements and calculations. The wing is divided
into 10 spanwise aerodynamic sections, that is, N N D 10. The
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a) Flap b) Chordwise bending c) Chordwise torsion

Fig. 4 Fundamental natural frequency vs pitch angle.

a) Flap b) Twist

Fig. 5 Static aeroelastic de� ections of the wing vs � ow velocity for pitch angle of attack µ0 = 1 deg.

a) Flap b) Twist

Fig. 6 Static aeroelastic de� ections of the wing vs � ow velocity for pitch angle of attack µ0 = 2:2 deg.

stall aerodynamic data for an NACA 0012 airfoil are used in this
paper.7

The theoretical and experimental results are shown in Figs. 5a
and 5b for a steady angle of attack, µ0 D 1 deg. Figure 5a is for the
tip � apwise de� ection and Fig. 5b for the tip twist. The solid line
indicates the theoretical results and the bar indicates the measured
data. The experimental data appear have some scatter due to the
turbulent aerodynamic noise, although the noise is small. A very
high measurementsensitivity is obtainedfrom the mirror technique.
We use a bar in Fig. 5 to indicate the magnitude of the response
uncertainty. As shown in Fig. 5, both the tip and twist de� ection
increasewith increasing� ow velocity,but the tipde� ectionis always
negativeuntil the � ow velocityreaches34.5m/s. At thatvelocity,the
aerodynamic forces provide suf� cient lift to overcome the effect of
gravity.At U D 34:5 m/s, the systementers into the � utter instability
range. The consequentLCO has a certainnonzeromean or temporal
average, and this is shown by a dashed line in Fig. 5. Also with
LCO, aerodynamic stall occurs, and the lift coef� cient Cl suddenly

decreases.The measureddata in Fig. 5 are acquiredbefore the onset
of � utter and LCO. The experimental LCO data will be discussed
in the next section. The experimental data fall near the theoretical
curves in Fig. 5. In general, the agreement is good except for some
points at U D 10 and 15 m/s. In the higher � ow velocity range, the
data � uctuation increases due to greater aerodynamic turbulence.

Figure 6 shows the static aeroelastic de� ections at the tip for
µ0 D 2:2 deg. The balance between aerodynamic forces and the ef-
fect of gravity now occurs at U D 25 m/s. Compared to the results
for µ0 D 1 deg (Fig. 5), a similar result is obtained, but the magni-
tude of the static aeroelastic de� ections is larger than those for the
µ0 D 1 deg, and a better agreement between experiment and theory
is found.

Flutter and LCO Response
Very clear � utter and LCO responses are observed in the present

wind-tunnel test. Flutter and LCO responses are determined for
seven different steady angles of attack, that is, µ0 D 0:25, 0:5; 0:7,
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a) For real part b) For root locus

Fig. 7 Perturbation eigenvalue solution of the nonlinear aeroelastic system for µ0 = 1 deg.

a) For real part b) For root locus

Fig. 8 Perturbation eigenvalue solution of the nonlinear aeroelastic system for µ0 = 1:7 deg.

1:0, 1:2, 1:5, and 1:7 deg. For the safety of this wing model, we did
not determine� utter or LCO in the rangeof µ0 · 0 deg or µ0 ¸ 2 deg.

The theoretical results are obtained from the dynamic perturba-
tion equation (16) and also with a time-marching approach for the
full nonlinear equations (14). For no static wing deformation, the
strictly linear � utter speed and frequency are found to be 34.4 m/s
and 22.57 Hz, respectively. In this case, we considered the effects
of the tip slender body aerodynamics on � utter. The results are
U f D 34:2 m/s and ! f D 22:44 Hz without tip slender body aerody-
namics included. The effect of the tip body aerodynamics is, thus,
seen to be small.

Figures7a and7b showa graphicalrepresentationof the perturba-
tion equations’eigenanalysisin the form of real eigenvaluesRe.¸i /
(damping) vs the � ow velocity and also a root locus plot (frequency
vs damping) as indicatedby the symbol±. There is an intersectionof
Re.¸i / with the velocity axis at U f D 34:5 m/s, and the correspond-
ing � utter oscillatory frequency is ! f D 22:59 Hz for µ0 D 1 deg.
For no static wing deformation, the strictly linear � utter results are
also shown in Fig. 7 as indicated by the symbol ². The two results
are almost the same. The reason can be explainedby Fig. 5a. Here,
the static tip de� ection approacheszero when the system is near the
� utter velocity. The effects of the geometric structural nonlinearity
thus become small near the � utter condition.

Similar to the preceding results, Figs. 8a and 8b show the eigen-
analysis for µ0 D 1:7 deg. The � utter velocity is U f D 35:2 m/s and
the corresponding� utter oscillatory frequency is ! f D 2:8 Hz. The
� utter velocity and frequency increase 2:3 and 1% as compared to
the strictly linear results. In this case, we � nd the tip de� ection is
0.05 m whenU D 35:2 m/s. The effectsof the structuralnonlinearity
are to increase the stability. From Fig. 4c, it is seen that the natural
torsionalfrequencyof the wing model increasesas the tip de� ection
increases.

The effects of the structural nonlinearity depend on the bending
stiffness ratio of E I2=E I1 . In Ref. 3, it is shown that the angle
of twist and the ratio of the � apwise de� ection to wingspan vary
as the square root of E I1=E I2 for the LCO amplitude and/or the

initial disturbance required to initiate LCO. For the present wing
model, E I2=E I1 is only 44.05, which is much lower than the wing
model used in Refs. 2 and 3 (E I2=E I1 D 200). Thus, the nonlinear
effects should be weaker, that is, the LCO amplitude or the initial
disturbance required to initiate LCO is larger for larger E I1=E I2 or
smaller E I2=E I1 .

Figure 9 shows the dynamic perturbation� utter velocity (Fig. 9a)
and frequency (Fig. 9b) vs the pitch angle of attack from both the-
ory and experiment. The solid line is for the dynamic perturbation
solution, and the symbol ² is for the experimental data (onset ve-
locity of � utter or LCO). For comparison, the linear � utter solution
is also plotted in Fig. 9, as shown by the broken line. The linear
� utter solution is near the minimum � utter velocity and is located
at a pitch angle between µ0 D 1 and 1:2 deg. The maximum error
between theory and experiment is only about 3%. The experimental
� utter frequency is lower than those for the theory. The maximum
error is about 5.4%.

Figure 10 shows the theoreticalLCO time history of the midspan
� apwise de� ection (Fig. 10a) and the tip twist de� ection (Fig. 10b)
for U D 35 m/s and µ0 D 1 deg; from Fig. 10, we � nd the stall aero-
dynamic nonlinearity leads to an LCO.

Figure 11 shows a comparison between theoretical and exper-
imental time histories and the corresponding fast Fourier trans-
form (FFT) analysis for � apwise de� ection at the midspan point
for U D 35 m/s and µ0 D 1 deg. Figure 11a is the theoretical time
historyfrom t D 29 to 30 s, Fig. 11b is themeasured time history,and
Fig. 11c is the FFT analysis.The motion includestwo dominant fre-
quency components. One comprises 22.59 Hz from the theory and
21.4 Hz from the test, which corresponds to the � utter frequency.
The other comprises 45 Hz from theory and 42 Hz from the test,
which is close to the second harmonic of the � utter frequency.The
response is dominated by the � utter frequency. The agreement be-
tween theory and experiment is reasonably good.

As shown in Fig. 7b, it is found that the � utter mode is dominated
by the coupling between the � rst torsion mode and second � ap
mode. The LCO vibrationmode shape is similar to the � utter mode.
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a) Flutter velocity b) Flutter frequency

Fig. 9 Perturbation eigenvalue solution of the nonlinear aeroelastic system vs pitch angle.

a) Midspan � apwise de� ection b) Tip twist

Fig. 10 Time history for U = 35 m/s and µ0 = 1 deg.

a) Theory b) Measured data c) FFT analysis

Fig. 11 Time history for U = 35 m/s and µ0 = 1 deg, midspan � apwise de� ection.

Figure 12 shows the theoretical LCO mode shape for U D 35 m/s
and µ0 D 1 deg. This LCO mode shape is also observed in the wind-
tunnel test and has been recorded on video tape. The experimental
data point at the midspan is also plotted on Fig. 12.

When the � ow velocity is high, the theoretical LCO response
appears as a beat oscillation, but this was not observed in the test.
As an example, Fig. 13a shows the theoretical time history and
Fig. 13b shows the correspondingFFT analysis for U D 38 m/s and
µ0 D 1 deg.The veryclosefrequenciesare20.96and22.63Hz,which
are both important for the response.However, 22.63 Hz seems more
signi� cant.

Other interesting results are the phase plane plots of the motion
at the wing tip. We use the mirror de� ection technique to measure
the twist de� ection and � apwise bending slope for U D 35 m/s and
µ0 D 1 deg. Figure 14a shows the theoretical results and Fig. 14b
shows the test results. The grid paper is calibrated. In Fig. 14b, each
square grid corresponds to 1 deg by 1 deg. The two results show
reasonably good agreement. Fig. 12 LCO vibration mode shape for U = 35 m/s and µ0 = 1 deg.
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Fig. 13a Time history for U = 38 m/s and µ0 = 1 deg.

Fig. 13b FFT analysis for U = 38 m/s and µ0 = 1 deg.

a) Theory b) Test

Fig. 14 Phase plane plot of tip � apwise bending slope vs twist for U = 35 m/s and µ0 = 1 deg.

a) b)

Fig. 15 Midspan LCO: a) amplitude and b) frequency vs � ow velocity for µ0 = 1 deg.

A typical LCO amplitude and LCO frequency vs � ow velocity
for µ0 D 1 deg and at the midspan position are shown in Figs. 15a
and 15b, respectively.The theoretical and experimental amplitudes
are taken as rms average values from a 50-s sampling interval. The
symbols ± and ² indicate the experimental results for increasing
and decreasing � ow velocity, respectively. The solid and broken
lines (without symbols) indicate the theoretical results for increas-
ing and decreasing � ow velocity, respectively.The symbol 4 indi-
cates the linear � utter velocity, which is calculated from the pertur-
bation eigenvalue solution. For the increasing � ow velocity case,
the theoretical LCO occurs when the � ow velocity is larger than
the perturbation � utter velocity and the amplitude has a jump from
almost rest to a larger value. Once the onset of LCO occurs, the
amplitude increases smoothly with an increase in the � ow velocity.
When U > 38:6 m/s, a numerical or possibly a physical divergence
is found in the theoretical model. For the case of decreasing � ow
velocity, as shown by the broken line, the LCO amplitudedecreases
but does not exactly coincide with those for the increasing velocity
case. Also, there is a jump in the LCO response at U D 33:5 m/s,
which is a distinctlylower velocitythan that found for the increasing
velocity case, that is, U D 34:5 m/s.

To show further details of the theoretical results,we use two time
history� gures to showtheLCO responsesobtainedfromthe increas-
ing and decreasing � ow velocity processes. The results are shown
in Figs. 16a and 16b for µ0 D 1 deg. Figure 16a is the result from
increasing velocity and Fig. 16b is for decreasing velocity. There
are 11 � ow velocities from U D 33 to 38 m/s, with 1U D 0:5 m/s
consideredin the calculation.At each � ow velocity, the time history
is computeduntil the system achievesa steady-stateLCO response.
In general, it takes about 20 s (a time step of 1t D 1=2048 s is
used). The LCO response for the last 1 s is shown in Fig. 16a, that
is, the LCO response is shown in time intervals of 1 s for the sev-
eral � ow velocities. For the next � ow velocity (increasing1U ), we
use initial conditions that are provided by the precedingLCO state.
This process is continuous in time until the � ow velocity increases
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a) Increasing � ow velocity process b) Decreasing process for µ0 = 1 deg

Fig. 16 LCO time history at midspan.

a) b)

Fig. 17 Midspan LCO: a) amplitude and b) frequency vs � ow velocity for µ0 = 0:25 deg.

a) Increasing � ow velocity process b) Decreasing process for µ0 = 0:25 deg

Fig. 18 LCO time history at midspan.

a) b)

Fig. 19 LCO time history at midspan: a) increasing � ow velocity process and b) decreasing process for µ0 = 1 deg and the structural nonlinearity
removed.
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a) b)

Fig. 20 LCO time history at midspan: a) increasing � ow velocity process and b) decreasing process for µ0 = 1 deg and the stall aerodynamic
nonlinearity removed.

a) µ = 15

b) µ = 30

c) µ = 45

d) µ = 60

e) µ = 75 deg

Fig. A1 Static twist vs load.
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to U D 38 m/s. For the decreasing velocity process, the results are
shown in Fig. 16b. The process method is the same as the preced-
ing method. Again, we see hysteresis in the response dependingon
whether the � ow velocity is increasing or decreasing.

For the experimental measurement, we also observed two dif-
ferent LCO responses for increasing and decreasing � ow velocity.
With increasing � ow velocity, we � nd a jump at U D 33:5 m/s,
which is similar to the theoretical results at U D 34:5 m/s as shown
by the symbol ± with a solid line. This jump velocity is called the
experimental � utter velocity. As the � ow velocity increases further,
the LCO amplitude measured has a modestly larger increase than
that found from theory. For model safety, the test was stopped at
U D 36:5 m/s. When the � ow velocity is decreased,we � nd another
jump at U D 32:4 m/s as shown in Fig. 16a and as indicated by the
symbol ² with a broken line. The experimental LCO amplitudes
for decreasing velocity are modestly smaller than those found for
increasing velocity.

The LCO frequency vs � ow velocity is shown in Fig. 15b. The
symbols used in Fig. 15b are the same as for Fig. 15a. As shown in

Fig. A2 Static tip � apwise de� ection vs pitch angle, various load: solid
line, theory; symbols, experiment: 4 , P = 3; ² , P = 2; and ±, P = 1.

Fig. A3 Static tip chordwise de� ection vs pitch angle, various load:
solid line, theory; symbols, experiment: 4 , P = 3; ² , P = 2; and ±, P = 1.

Fig. A4 Static tip twist de� ection vs pitch angle, various load: solid
line, theory; symbols, experiment: 4 , P = 3; ² , P = 2; and ±, P = 1.

Fig. 15b, the LCO frequency has a slight change as the � ow veloc-
ity increases. At high velocity, the theoretical LCO has two close
frequencies as discussed earlier in regard to Fig. 13. The theoreti-
cal/experimental agreement is reasonably good.

The theoretical/experimental results for LCO amplitude and fre-
quency vs � ow velocity for µ0 D 0:25 deg and at the midspan po-
sition are shown in Figs. 17a and 17b. The theoretical LCO time
histories obtained from the increasingand decreasing � ow velocity

a)

b)

c)

d)

Fig. A5 Flap frequency vs pitch angle: solid line, theory and ² , exper-
iment: a) P = 1; b) P = 2, chordwise frequency vs pitch angle; c) P = 1;
and d) P = 2.
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processes are shown in Figs. 18a and 18b. For the other pitch an-
gles of attack, the experimental/theoretical results are very similar
to those for µ0 D 1 and 0.25 deg.

A hysteresis phenomenon was found from both the theoretical
prediction and experimental observation. To determine the source
of the hysteresis, the theoretical calculation was repeated with the
structural nonlinearity or the stall aerodynamic nonlinearity re-
moved, alternatively. The results are shown in Figs. 19 and 20 for
µ0 D 1:0 deg. It is found that the structural nonlinearity does not
lead the hysteresis and LCO as shown in Fig. 19; however, the stall
aerodynamicnonlinearityis responsiblefor this hysteresisand LCO
behavior as shown in Fig. 20.

Conclusions
The present experimental and theoretical results provide new in-

sights into nonlinear aeroelastic phenomena for high-aspect-ratio
wings (with a tip slender body) that have a beam-like structural be-
havior. The effects of the geometric structural nonlinearity of the
beam theory and aerodynamic stall on both the � utter instability
boundary and the nonlinear response have been studied. The ef-
fects of the geometric structural nonlinearitydepend on the ratio of
the � ap and chordwise bending stiffnesses, E I2=E I1. For relatively
small E I2=E I1 , the � utter instability boundary has only a small
change due to the structural nonlinearity and pre� utter static defor-
mation. The onset of an LCO is dependent on a delicate balance
between stall aerodynamics and the structural nonlinear forces.2;3

However, the stall aerodynamics are dominant for the present ex-
perimental wing model.

Appendix: Static De� ections and Natural Frequencies
Under Gravity Load

A further assessment of the present calculation method, a cor-
relation study was made with the experimental data of Ref. 5. The
resultsare shown here in Figs. A1–A5, which correspondto Figs. 4–

8 in Ref. 5. For ease of comparison, the same notation is used in this
Appendix as in Ref. 5. Generally, good agreement between theory
and experiment is found.
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